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Basic problems: shape similarity and correspondence
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Task-specific features

Correspondence
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Task-specific features

Correspondence Similarity

LR
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Deep learning in computer vision

Error %
30

“Deep learning era” in vision

2010 2011 2012 2013 2014 2015 2016

ImageNet ILSVRC Challenge
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Deep learning in computer graphics
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IWau et al. 2015; 2Wei et al. 2016; 3Su et al. 2015



Extrinsic vs Intrinsic CNNs

Extrinsic Intrinsic
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What is convolution on manifolds?



Convolution

Euclidean

Spatial domain

(f*9)a /_Wf (r—¢

Non-Euclidean



Convolution

Euclidean Non-Euclidean

Spatial domain
(Fr)) = [ £€gta - ede

Spectral domain

—

(f*9)(w) = f(w)-§w)

‘Convolution Theorem’




Convolution

Euclidean

Spatial domain
(Fr)) = [ f€te—e

Spectral domain

—

(f*9)(w) = f(w)-§w)

‘Convolution Theorem’

Non-Euclidean



Fourier analysis (Euclidean spaces)

A function f : [-m, 7] — R can be written as Fourier series
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Fourier analysis (Euclidean spaces)

A function f : [, 7] — R can be written as Fourier series

@)=Y o [ f@etagets

Fe= (1) L2 ()

TL T D Dy

Fourier basis = Laplacian eigenfunctions: Ae'? = k2eike

d?

dx?

We define Laplacian as a positive semi-definite operator A = —



Fourier analysis (non-Euclidean spaces)

A function f: X — R can be written as Fourier series

k>0
fk:<f,¢k>L2(x)

fa) =Y / F©)o(E)de du(x)
X

2

Fourier basis = Laplacian eigenfunctions: A¢y(x) = Apor(z)
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Laplacian operator

e Laplacian A: L*(X)— L*(X)
Af = —div(Vf)

“difference between f(z) and
average value of f around z”
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Laplacian operator

e Laplacian A: L*(X)— L*(X)
Af = —div(Vf)

“difference between f(z) and
average value of f around z”

@ Intrinsic (expressed solely in terms of the Riemannian metric)

@ Isometry-invariant

@ Self-adjoint (Af, g)12(x) = ([, Ag) L2(x)
= orthogonal eigenfunctions

@ Positive semidefinite = non-negative eigenvalues



Convolution
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Spectral convolution

Function f Filtered function f

Henaff, Bruna, LeCun 2015; Defferrard, Bresson, Vandergheynst 2016
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Spectral convolution

Function f Filtered function f Same function,
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Spectral convolution

Function f Filtered function f Same function,
same filter,
another shape

Filter is basis dependent = does not generalize across domains!

Henaff, Bruna, LeCun 2015; Defferrard, Bresson, Vandergheynst 2016

17/49



Convolution in the spatial domain
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Convolution in the spatial domain
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ABICDEABCDE
FGHIJFGHTIJ
KILMNOK LMNO
PR STUPRSTU
VWXY ZVWXY Z
Euclidean Non-Euclidean

@ No canonical global system of coordinates
@ No grid structure (no regular memory access)
@ No shift-invariance (patch operator is position-dependent)



Convolution

Euclidean

Spatial domain
(Fr)) = [ f€te—e

Spectral domain

—

(f*9)(w) = f(w)-§w)

‘Convolution Theorem’

Non-Euclidean

(m)k = (f, or)2(x)(9, Pr) L2 ()



Patch operator

(f*g)(z /@ @du

Masci, Boscaini, B, Vandergheynst 2015; Boscaini, Masci, Rodola, B 2016



Heat diffusion on manifolds

Jt = —cAf

Newton's law of cooling: rate of change of the temperature of an object
is proportional to the difference between its own temperature and the
temperature of the surrounding

c [m?/sec] = thermal diffusivity constant



Heat diffusion on manifolds

{ fila,t) = =Af(z,t)
f(x,O) = fo(l’)

@ f(z,t) = amount of heat at point z at time ¢

@ fo(x) = initial heat distribution
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Heat diffusion on manifolds

{ fe(z,t) = =Af(a,t)
F(z,0) = fola)

@ f(z,t) = amount of heat at point z at time ¢

@ fo(x) = initial heat distribution

Solution of the heat equation expressed through the heat operator

flat) = e " fo(x)
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Heat diffusion on manifolds

{ fe(z,t) = =Af(a,t)
F(z,0) = fola)

@ f(z,t) = amount of heat at point z at time ¢

@ fo(x) = initial heat distribution

Solution of the heat equation expressed through the heat operator

flz,t) = €_tAf0(1‘)=Z<fo,¢>k>L2(X)€_t’\’“¢k($)

k>0

- /X Jo(&) 3" e (@) €) de

k>0

heat kernel hy(x,£)
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Heat kernels
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Homogeneous diffusion

fi(x) = —=div(cV f(x))

¢ = thermal diffusivity constant describing heat conduction properties of
the material (diffusion speed is equal everywhere)



Anisotropic diffusion

filz) = —div(A(z)V f(z))

A(z) = heat conductivity tensor describing heat conduction properties of
the material (diffusion speed is position + direction dependent)



Anisotropic diffusion

Isotropic Anisotropic
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Anisotropic diffusion on manifolds

filw) = —diV<Ro ( “ )RJ W(m))

Andreux et al. 2014; Boscaini, Masci, Rodola, B, Cremers 2015
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Anisotropic diffusion on manifolds

filw) = —diV<Ro ( “ ) Ry Vf(w)>

-

Dag(z)
@ Anisotropic Laplacian Ay f(z) = div (Dao(z)V f(z))
@ 6 = orientation w.r.t. max curvature direction
@ o = ‘elongation’

Andreux et al. 2014; Boscaini, Masci, Rodola, B, Cremers 2015
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Anisotropic heat kernels

haot(2,€) =Y €% dogr () daok (€)

k>0

Scale ¢ Orientation 6 Elongation «

Boscaini, Masci, Rodola, B, Cremers 2015
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Intrinsic patch operator

Given a function f € L?(X), the patch operator

(D@1 = [ FOhan (.)€
produces a local representation of f around point z

@ 0 = ‘angular coordinate’

@ ¢ = 'radial coordinate’

Masci, Boscaini, B, Vandergheynst 2015; Boscaini, Masci, Rodola, B 2016



Intrinsic patch operator

' Given a function f € L?(X), the patch operator

(D@1 = [ FOhan (.)€
produces a local representation of f around point z

@ 0 = ‘angular coordinate’

@ ¢ = 'radial coordinate’

Intrinsic convolution

(f xa)(z) =Y _(D(x)f)(0,1)9(6,1)

0.t

Masci, Boscaini, B, Vandergheynst 2015; Boscaini, Masci, Rodola, B 2016



Toy Anisotropic CNN architecture

filter bank 1
P filters
1 F
fout
filter bank 2 ﬁ
88 ®o—
i
fou .
filter bank Q
out™—
L e
Input layer Linear+RelLU Intrinsic convolutional Output layer
-dim layer layer Q-dim

Masci, Boscaini, B, Vandergheynst 2015; Boscaini, Masci, Rodola, B 2016



Learning shape correspondence

Query X Reference )

@ Correspondence = labeling problem
@ ACNN output fg(z) = probability distribution on reference
@ Minimize logistic regression cost w.r.t. ACNN parameters ©

Z(@) = — Z <6y* (z)s lOg f@(l‘»Lz(y)
(z,y* ()T

Rodola et al. 2014; Masci, Boscaini, B, Vandergheynst 2015; Boscaini, Masci, Rodola,

B 2016
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Correspondence performance

/\
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f =
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O\O —
0.2 —— GCNN
e ACNN
0 | |
0 0.05 0.1 0.15 0.2

% geodesic error

Correspondence evaluated using asymmetric Princeton benchmark
(training and testing: disjoint subsets of FAUST)

Methods: Kim et al. 2011 (BIM); Boscaini, Masci, Melzi, B, Castellani, Vandergheynst
2015 (LSCNN); Rodola et al. 2014 (RF); Boscaini, Masci, Rodola, B, Cremers 2015
(ADD); Masci, Boscaini, B, Vandergheynst 2015 (GCNN); Boscaini, Masci, Rodola, B
2016 (ACNN); data: Bogo et al. 2014 (FAUST); benchmark: Kim et al. 2011
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Correspondence error: Blended Intrinsic Map

7.5%

Pointwise geodesic error (in % of geodesic diameter)

Kim, Lipman, Funkhouser 2011
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Correspondence error: GCNN

7.5%

Pointwise geodesic error (in % of geodesic diameter)

Masci, Boscaini, B, Vandergheynst 2015
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Correspondence error: ACNN

£
ARAY

Pointwise geodesic error (in % of geodesic diameter)

Boscaini, Masci, Rodola, Bronstein 2016
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Partial correspondence with ACNN

by
b

Correspondence error

e

Correspondence

Boscaini, Masci, Rodola, B 2016
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Partial correspondence with ACNN

bl RS

Correspondence

A

0.0

Correspondence error

Boscaini, Masci, Rodola, B 2016



Partial correspondence performance

Holes

1 1 :
o 0.8 o 0.8
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Methods: Rodola et al. 2014 (RF); Rodola et al. 2015 (PFM); Boscaini, Masci,
Rodola, B 2016 (ACNN); data: Cosmo et al. 2016 (SHREC); benchmark: Kim et al.
2011



Mixture Model Network (MoNet)

@ Local geodesic coordinates
u(z,y) = (p(z,y),0(z,y))

Monti, Boscaini, Masci, Rodola, Svoboda, B 2016
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Mixture Model Network (MoNet)

@ Local geodesic coordinates
u(z,y) = (p(z,y),0(z,y))

@ Gaussian weight functions

wi(u) = exp ((u— pg) St (u— py))

learnable covariance ¥ and mean p

Monti, Boscaini, Masci, Rodola, Svoboda, B 2016
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Mixture Model Network (MoNet)

@ Local geodesic coordinates
u(z,y) = (p(z,y),0(z,y))

@ Gaussian weight functions
wy () = exp ((u - uk)Tzil(u - /J'k))
learnable covariance ¥ and mean p

@ Patch operator

(D) )i = / wi(u(z, ) f(y)dy

X

Monti, Boscaini, Masci, Rodola, Svoboda, B 2016
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Mixture Model Network (MoNet)

@ Local geodesic coordinates
u(z,y) = (p(z,y),0(z,y))

@ Gaussian weight functions
wy () = exp ((u - uk)Tzil(u - /J'k))

learnable covariance ¥ and mean p

@ Patch operator

(D) )i = / wi(u(z, ) f(y)dy

X

@ Spatial convolution

(f *9)(@) = S(D@) )1 - 9o

k

Monti, Boscaini, Masci, Rodola, Svoboda, B 2016
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Patch operator weight functions

V=

e

TS

GCNN

Masci, Boscaini, B, Vandergheynst 2016 (GCNN); Boscaini, Masci, Rodola, B 2016
(ACNN); Monti, Boscaini, Masci, Rodola, Svoboda, B 2016 (MoNet)
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Correspondence performance

cm
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% geodesic error

Correspondence evaluated using asymmetric Princeton benchmark
(training and testing: disjoint subsets of FAUST)

Methods: Kim et al. 2011 (BIM); Rodola et al. 2014 (RF); Boscaini, Masci, Rodola,
B, Cremers 2015 (ADD); Masci, Boscaini, B, Vandergheynst 2015 (GCNN); Boscaini,
Masci, Rodola, B 2016 (ACNN); Monti, Boscaini, Masci, Rodola, Svoboda, B 2016
(MoNet); data: Bogo et al. 2014 (FAUST); benchmark: Kim et al. 2011
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Correspondence error: Blended Intrinsic Map
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Correspondence error: GCNN
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Correspondence error: ACNN

£
ARAY

Pointwise geodesic error (in % of geodesic diameter)

Boscaini, Masci, Rodola, B 2016
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Correspondence error: MoNet

MITh

Pointwise geodesic error (in % of geodesic diameter)

Monti, Boscaini, Masci, Rodola, Svoboda, B 2016
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MoNet correspondence visualization

Texture transferred from reference to query shapes

Monti, Boscaini, Masci, Rodola, Svoboda, B 2016



Correspondence with MoNet: Range images

o

7.5%

Pointwise geodesic error (in % of geodesic diameter)

Monti, Boscaini, Masci, Rodola, Svoboda, B 2016
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Correspondence with MoNet: Range images

Y
FIVA

Correspondence visualization (similar colors encode corresponding points)
Training: FAUST / Testing: FAUST

Reference

Monti, Boscaini, Masci, Rodola, Svoboda, B 2016
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Correspondence with MoNet: Range images
Reference
H i v{ Tn

Correspondence visualization (similar colors encode corresponding points)
Training: FAUST / Testing: SCAPE4+TOSCA

Monti, Boscaini, Masci, Rodola, Svoboda, B 2016
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Summary

Construction of generalizable intrinsic convolutional neural networks

Learnable, task-specific, intrinsic features

State-of-the-art performance in a variety of applications in 3D shape
analysis

Beyond shapes: graphs, social networks, etc.



Learning on graphs: MNIST classification

Regular grid Superpixels

Monti, Boscaini, Masci, Rodola, Svoboda, B 2016



Learning on graphs: MNIST classification

Regular grid Superpixels

Monti, Boscaini, Masci, Rodola, Svoboda, B 2016



Learning on graphs: MNIST classification

Dataset LeNet5' Spectral CNN° MoNet’
*Full grid 99.33% 99.14% 99.19%
“1 grid 98.59% 97.51% 98.16%
300 Superpixels - 88.05% 97.30%
150 Superpixels - 80.94% 96.75%
75 Superpixels - 75.62% 91.11%

Classification accuracy of different methods on MNIST dataset
*All images have the same graph

1LeCun et al. 1998; 2Defferrard, Bresson, Vandergheynst 2016; 3Monti, Boscaini,
Masci, Rodola, Svoboda, B 2016



Learning on graphs: citation networks

Figure: Monti, Boscaini, Masci, Rodola, Svoboda, B 2016; data: Sen et al. 2008



Learning on graphs: citation networks

Method Cora’ PubMed”
Manifold Regularization®  59.5% 70.7%
Semidefinite Embedding”  59.0% 71.1%

Label Propagation® 68.0% 63.0%
DeepWalk® 67.2% 65.3%
Planetoid” 75.7% 77.2%

Graph Convolutional Net®  81.5940.42%  78.72+0.25%
MoNet’ 81.6940.48% 78.81+0.44%

Classification accuracy of different methods on citation network datasets

Data: 1:2Sen et al. 2008; methods: 3Belkin et al. 2006; *Weston et al. 2012; °Zhu et
al. 2003; SPerozzi et al. 2014; "Yang et al. 2016; 8Kipf, Welling 2016; ?Monti,

Boscaini, Masci, Rodola, Svoboda, B 2016
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Thank you!
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